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ABSTRACT
We look at locally convex topologies on a totally ordered finite set. We determine
a method of finding an upper bound on the number of such topologies on an n ele-
ment. We show how this problem is related to Pascal’s Triangle and the Fibonacci
Numbers. We explain an algorithm for determining the number of locally convex
topologies consisting of nested intervals.
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CHAPTER 1
INTRODUCTION
Counting the number of topologies on a finite set is a problem that has been
worked on by many people. Erne´ and Stege [3] provided the best comprehensive and
efficient approach in 1991, and gave the number of topologies on an n element set up
to n = 14. The on-line Encyclopedia of Integer Sequences shows that the number of
topologies on an n element set is currently known for n ≤ 18.
As illustrated in Chapter 3, these numbers get extremely large really quickly.
Thus, mathematicians often count special classes of topologies. Erne´ and Stege [3]
give a table on pages 250-251 of various classes that have been counted by other
mathematicians. Here we discuss the number of locally convex topologies on a totally
ordered finite set. From our research, we have been able to find the number of such
topologies on n element sets for up to n = 8.
The predominant method for counting finite topolgies is to count associated qua-
siorders. As discussed in the paper by B. Richmond[5], every semigroup gives a
quasiorder and every quasiorder gives a topology. Also, in the other direction, every
topology gives a quasiorder, but it is not true that every quasiorder gives a semi-
group. Thus, we do not have a direct link between semigroups and topologies. It
is important to note here that we are assuming we are working on a finite set. The
correspondence may not be one-to-one for an infinite set.
Quasiorders relate to the problem as follows. Suppose we have a decreasing set
1
A in a quasiordered set X. This simply means that picking any point in A, every
point below the selected point is in A as well. The intersection of decreasing sets will
also be decreasing and also the union of decreasing sets is decreasing. The empty
set also complies with this idea. The empty set is decreasing as well. Thus, the
decreasing sets form a topology. Conversely, given a topology τ on a finite set X, we
get a quasiorder on X by taking a ≤ b if b is in the closure of {a}. This provides the
one-to-one correspondence between topologies and quasiorders on finite sets.
T. Richmond [6] discusses the idea of principal topologies or Alexandroff topolo-
gies. A principal topology is a topology that is closed under arbitrary intersections.
Here, closed is used as it is in relation to an operation. For instance, the natural
numbers N is closed under addition. If we take any two natural numbers and add
them together, we get another natural number. However, the natural numbers are not
closed under subtraction. Suppose we do 4− 8 = −4. We take the difference of two
natural numbers and get a “non-natural” number. Since we are working on a finite
set, every topology on a finite set must be a principal topology because the arbitrary
intersections will be finite which must be open from the definition of a topology.
Understanding definitions and notations is key to grasping the concepts in this
paper. Chapter 2 will introduce many commonly used defintions as well as notations
necessary for reading the paper. Chapter 3 discusses upper-bounds for both the
number topologies in general on a finite set as well as the number of locally convex
topologies on a totally ordered set. From there, we go on to Chapter 4 where we
explore the number of topologies on a set X generated by a collection of mutually
disjoint locally convex subsets, or such a collection together with X. This also has
a connection with the well-known Fibonacci numbers. Chapter 5, the final chapter
2
of the paper, relates to the number of topologies consisting of nested intervals on a
totally ordered set.
3
CHAPTER 2
DEFINITIONS AND NOTATIONS
1.1 TOPOLOGY
If X is a set, a collection τ of subsets of X is said to be a topology on X if the
subsets in τ adhere to the following conditions:
1. Both the trivial subset X and the empty set ∅ are in τ .
2. When sets A and B are in τ , so is A
⋂
B.
3. When two or more sets are in τ , so is their union.
The set X and the topology τ form a topological space (X, τ).
1.2 OPEN SET
In a topological space (X, τ), the elements of τ are called open sets.
1.3 RELATION
A relation R on a set X is a subset of X ×X. If (a, b) ∈ R, we write aRb and say a
is related to b under the relation R. We typically use symbols like ≤ or  for order
relations and symbols like ∼,≈, or ≡ for equivalence relations.
1.4 QUASIORDER
A relation ≤ on a set X is a quasiorder or preorder on a set X if it satisfies each of
the following properties:
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1. Reflexive
a ≤ a for all a ∈ X.
2. Transitive
If a ≤ b and b ≤ c then a ≤ c, for all a, b, c ∈ X.
1.5 PARTIAL ORDER
A relation ≤ on a set X is a partial order on X if it satisfies each of the following
properties:
1. Reflexive
2. Transitive
3. Antisymmetric
If a ≤ b and b ≤ a then a = b, for all a, b ∈ X.
A set X with a partial order ≤ is called a partially ordered set (X,≤) or a poset.
1.6 EQUIVALENCE RELATION
A relation ∼ on a set X is an equivalence relation on X if it satisfies each of the
following properties:
1. Reflexive
2. Transitive
3. Symmetric
If a ∼ b then b ∼ a, for all a, b ∈ X.
5
Partial orders and equivalence relations are examples of quasiorders.
1.7 TOTAL ORDER
A relation ≤ on a set X is a total order on a set X if it satisfies each of the
following properties:
1. Reflexive
2. Transitive
3. Antisymmetric
4. Comparability
Either a ≤ b or b ≤ a, for all a, b ∈ X.
Thus a total order on X is a partial order in which every pair of elements is
comparable.
1.8 POWER SET
The power set of X, denoted P (X), is the collection of all subsets of X.
1.9 CONVEX SUBSET
Suppose (X,≤) is a quasiordered set and S ⊆ X. Set S is called a convex set if and
only if for ever collection of points a, b, c ∈ X, where a ≤ b ≤ c and a, c ∈ S we also
have b ∈ S. That is, for any two elements in a convex set S, every element between
those elements must also be in the set S.
1.10 MUTUALLY DISJOINT SETS
A collection C of subsets of a set X is said to be mutually disjoint if for any
A,B ∈ C, either A = B or A⋂B = ∅.
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By this definition, the empty collection C = {} is a mutually disjoint collection.
1.11 NEIGHBORHOOD OF x
A neighborhood of x is any set N containing an open set U that contains x.
1.12 N(x)
If the intersection of all neighborhoods containing x is a neighborhood of x, then it
is the minimal neighborhood of x denoted N(x),.
For most topologies, a point x does not have a minimal neighborhood. However,
when working in a finite topological space, we have a finite number of open sets.
When we take the intersection of these open neighborhoods about a point x we get
another open neighborhood about x. This intersection is what we refer to as N(x).
A topology on a finite set {1, 2, ..., n} is determined by {N(1), N(2), ..., N(n)}. So
we can count the topologies by counting the corresponding sets {N(1), ..., N(n)}.
1.13 C(n)
C(n) denotes the number of collections of mutually disjoint convex subsets of a
totally ordered set of n points.
1.14 T(n)
T (n) denotes the number of topologies on a totally ordered set of n points.
1.15 Tlc(n)
Tlc(n) denotes the number of locally convex topologies on a totally ordered set of n
points.
1.16 NT(n,k)
NT (n, k) denotes the number of locally convex topologies on a totally ordered
7
n-point set X consisting of k nested non-empty open sets.
1.17 Tnt(n)
Tnt(n) denotes the number of nested locally convex topologies on a totally ordered
set of n points.
1.18 Trin
Trin denotes the n-th triangular number. Trin is given by
n(n+1)
2
= 1 + 2 + ...+ n.
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CHAPTER 3
FINDING UPPER BOUNDS
Assume that we have a set X = {1, 2, 3, ..., n}. Here we consider ways to find some
upper-bounds for the number of topologies on this set.
Recall that an n-element set X has 2n subsets (i.e., the power set P (X) of an
n-element set has 2n elements). If you consider the possibilities for forming a subset
of X, you can either keep the first point or throw it out making two possible options.
For the second point, you can keep it or throw it out. This follows for points three
through n. This means we have 2 ∗ 2 ∗ 2 ∗ ... ∗ 2 = 2n possible ways to form a subset
of X.
Since a topology on X is a subset of P (X) satisfying the conditions of
Defintion 1.1, the number of topologies on X is less than or equal to the number of
subsets of P (X). That is, since each topology τ on X is an element of P (P (X)),
the number of topologies on X is less than or equal to |P (P (X)| = 2(2n). That is,
|T (n)| ≤ 2(2n).
Figure 3.1 illustrates the T (n) number of topologies and the calculated upper-bound.
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n T (n) 2(2
n)
1 1 4
2 4 16
3 29 256
4 355 65, 536
5 6, 942 4, 294, 967, 296
6 209, 527 18, 446, 744, 073, 709, 551, 616
7 9, 535, 241 340, 282, 366, 920, 938, 463, 463, 374, 607, 431, 768, 211, 456
Figure 3.1 - Upper Bound of Topologies on a Totally Ordered Finite Set
The data for T (n) comes from a paper by Erne´ and Stege[3] which gives T (n) for
n = 1, ..., 14. Although the upper bound holds, we can see that 2(2
n) is quite a bit
larger than T (n) and is thus not considered to be a good bound.
3.1 UPPER-BOUND OF LOCALLY CONVEX TOPOLOGIES
ON A FINITE, TOTALLY ORDERED SET
We can do something similar to find an upper bound for the number of locally
convex topologies on a finite, totally ordered set.
We will let our set be n = {1, ..., n} with the usual order 1 < 2 < ... < n. Then,
any convex subset of n containing j has form [a, b] = {a, a+ 1, a+ 2, ..., b} where a ≤
j ≤ b.
Now, consider the number of choices we have for a, the left endpoint of a convex
neighborhood of j. Since 1 ≤ a ≤ j, then we would have j choices for a. Now, look at
the opposite end of the spectrum and consider the number of choices we have for b,
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the right endpoint of a convex neighborhood of j. Recall that j ≤ b ≤ n. Therefore,
we have b ∈ {j, j + 1, ..., n− 1, n} which gives n− j + 1 choices for b.
For example, suppose we have the set {1, 2, ..., 5} and 2 = j ≤ b ≤ n = 5. Now,
5 − 2 = 3; however, we have 4 choices, namely 2, 3, 4, or 5, for b if 2 ≤ b ≤ 5. In
general, we have n− j + 1 choices for b.
Having found the number of possibilites for the left and right endpoints, consider
the number of choices for [a, b] that give a convex subset containing j. To do this,
we must multiply the number of possibilities for a and b. Doing this will give us
j(n − j + 1). To get our upper bound on Tlc(n) we will assume any one of these
j(n− j + 1) sets would work as N(j), the smallest neighborhood of j.
Now, let’s consider the number of choices for:
N(1) = smallest neighborhood of 1, N(2), N(3), ..., and N(n).
For N(1) we have j(n− j + 1) = 1(n− 1 + 1) = 1(n) convex sets containing 1.
For N(2), we have
j(n− j + 1) = 2(n− 2 + 1) = 2(n− 1) convex sets containing 2.
For N(3), we have
j(n− j + 1) = 3(n− 3 + 1) = 3(n− 2) convex sets containing 3.
In general, for N(j), we have
j(n− j + 1) = j(n− j + 1) convex sets containing j for all j ∈ n.
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Multiplying the number of choices for N(1), N(2), ..., N(n), we get an upper
bound on the number Tlc(n) of locally convex topologies on {1, ..., n}:
1(n) · 2(n− 1) · 3(n− 2) · ... · j(n− j + 1) · ... · (n− 1)(2) · n(1)
= (1 · 2 · ...·)(n · (n− 1) · ... · 2 · 1)
This is the same as n! · n! = (n!)2. Hence, an upper bound for the number of
locally convex topologies on a set {1, ..., n} is (n!)2. The table below shows some
values of this upper bound and the actual number Tlc(n) of locally convex topologies
on n.
n Tlc(n) (n!)
2
1 1 1
2 4 4
3 21 36
4 129 576
5 876 14, 400
6 6, 376 518, 400
7 48, 829 25, 401, 600
8 388, 771 1, 625, 702, 400
Figure 3.2 - Upper Bound of Locally Convex Topologies on a Totally
Ordered Finite Set
We have calculated the numbers Tlc(n) in Figure 3.2 ourselves. To our knowledge,
this is not in the literature. To find these numbers, we did an exhaustive computer
test of all possible assignments of a convex set for each N(j) for j = 1, ..., n to see if
they form topologies.
12
This upper bound is not always sharp though. Sometimes it is too large. For
n ≥ 3, this upper bound is too large.
Figure 3.3 shows the possibile choices for N(1) and N(2) on a 2 element set.
That is, N(1) = {1} or N(1) = {1, 2}. Also, N(2) = {2} or N(2) = {1, 2}. Any
combination of the possibilities for N(1) and N(2) is a base for a topology for n = 2;
therefore, our upper bound is sharp for n = 2.
Figure 3.3 - Possibilities for n=2
Figure 3.4 shows one of the possible choices for N(1), N(2), and N(3) we count
for n = 3, namely N(1) = {1, 2}, N(2) = {2, 3}, and N(3) = {2, 3}. Figure 3.5
illustrates N(1) ∩ N(3). This shows us that N(1) ∩ N(3) = {2}. This intersection
is an open set containing two and is smaller than N(2) = {2, 3} which should have
been the smallest open set containing 2. Therefore, this gives us a contradiction and
an over-count.
Figure 3.6 - 3.7 illustrate the same principal for n ≥ 3.For three or more elements
a < b < c our upper bound estimate counts the possibilities of
N(a) = {a, ..., b}
N(b) = {b, ..., c}
13
N(c) = {b, ..., c}.
This is not a valid choice since N(a)∩N(c) = {b} which should be a neighborhood
of b, but this contradicts the choice of N(b) = {b, ..., c} as the smallest neighborhood
of b.
Figure 3.4 - Intervals for n=3
Figure 3.5 - Smaller Intervals for N(2) on n=3
14
Figure 3.6 - Intervals for n ≥ 3
Figure 3.7 - Smaller Intervals for N(b) on n ≥ 3
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CHAPTER 4
FIBONACCI NUMBERS AND MUTUALLY DISJOINT LOCALLY
CONVEX SUBSETS
In this chapter, we focus on counting the topologies on an n element set X having
a basis consisting of X together with collections of mutually disjoint convex subsets
of X. We find a surprising connection to the Fibonacci numbers. To begin, we count
the possible mutually disjoin collections of subsets of X.
Theorem 4.1: Given any totally ordered set X on n elements, we have that the
number C(n) of collections of mutually disjoint convex subsets of X is given by
C(n) = 1 +
n∑
p=1
p∑
j=1
(
n− p+ j
j
)(
p− 1
j − 1
)
= F2n+1.
Proof:
Let X = {1, 2, ..., n}. Suppose X is a totally ordered set
(i.e. 1 < 2 < ... < n). Note here that a convex subset of X is just an interval in X or
a set of consecutive integers in X. Now, let C denote a collection of mutually disjoint
convex subsets of X. The members of C can be called blocks. Suppose C has j blocks
where j ∈ {0, 1, ..., n} and | ⋃ C |= p. This means that we are placing p of the n
points into j blocks. Ignoring the other points for now, we can divide the p points
into j convex blocks by inserting j − 1 dividers into p− 1 gaps between the p points.
This gives
(
p−1
j−1
)
ways to do this. Since we have selected p points to be placed into j
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blocks, we have n − p points remaining. Also, since we have n − p remaining points
and j blocks, we have n−p+j total items. We will then totally order the n−p points
and j blocks by choosing which of the n − p + j items will be blocks. This can be
done in
(
n−p+j
j
)
ways. if the number of blocks is j = 0, we have the empty collection,
which is a mutually disjoint collection of subsets of X by Definition 1.10. This adds
one to our count. We now need to sum as the number p of points in blocks goes from
1 to n and as the number j of blocks goes from 1 to p. This allows us to change the
index of summation to start at j = 1 and add 1 for the j = 0 case. This will give us
C(n) = 1 +
n∑
p=1
p∑
j=1
(
n− p+ j
j
)(
p− 1
j − 1
)
. (1)
Now, we can find a recursive formula for C(n). Consider a collection C of mutually
disjoint convex subsets of n = {1, 2, ..., n}. We have n 6∈ ⋃ C if and only if C is one of
the C(n− 1) collections of mutually disjoint convex subsets of n− 1. Also, we have
n ∈ {j + 1, ..., n} ∈ C where, j ∈ {1, 2, ..., n − 1}, if and only if C \ {{j + 1, ..., n}}
is one of the C(j) collections of mutually disjoint convex subsets of j. Now, suppose
j = 0, that is n ∈ {1, 2, ..., n} ∈ C. Then we have that C = {n} is the unique
acceptable collection. We will count this one case in our formula below as C(0) = 1.
Now, we need to sum over all the cases for n 6∈ ⋃ C where n ∈ {j + 1, ..., n} ∈ C and
j = 0, 1, ..., n− 1. This gives
C(n) = C(n− 1) +
n−1∑
j=0
C(j). (2)
As shown in Figure 4.1, Equations 1 and 2 give the values of the sequence
{C(n)}∞n=0 to be 1, 2, 5, 13, 34, 89, .... Also, Figure 4.1 seems to suggest that C(n) =
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F2n+1. Now, suppose C(n) = F2n+1 for n = 1, 2, ..., k − 1. Using Equation 2, we get
that
C(k) = F2k−1 +
k−1∑
j=0
F2j+1. (3)
n C(n) F2n+1
0 1 1
1 2 2
2 5 5
3 13 13
4 34 34
5 89 89
6 233 233
7 610 610
8 1, 597 1, 597
9 4, 181 4, 181
10 10, 946 10, 946
Figure 4.1 - The number C(n) of collections of mutually disjoint locally
convex subsets and F2n+1
Now, if we apply Identity #2 of Benjamin and Quinn [1] which states
m∑
j=0
F2j+1 =
F2m+2, we have C(k) = F2k−1 +F2k = F2k+1. Note here that Benjamin and Quinn use
the convention that fn = Fn+1. Thus, by mathematical induction, this shows that
C(n) = F2n+1 for any n ∈ N.
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QED
Example 4.1: n = 9
Figure 4.2 shows a collection of 9 points. We can divide these points into j blocks
where j ∈ {0, ..., 9}. Suppose, however, that we divide this set into j = 3 blocks. We
can have p ∈ {1, ..., 9} points in these blocks. Let’s suppose we want to use p = 5
points for these 3 blocks. Figure 4.3 shows the p = 5 points. The vertical lines
between the points indicate the number of gaps we have. We notice we have 4 gaps.
Now, since we have 3 blocks, we need to insert 2 dividers into the 4 gaps. This gives
us
(
4
2
)
=
(
p−1
j−1
)
ways to insert the dividers.
Figure 4.2 - n = 9
Figure 4.3 - p = 5 with dividers
Now, we need to position the j = 3 blocks into the 4 remaining points that were
not used in the blocks. We have 7 objects total. Therefore, we have
(
7
3
)
=
(
n−p+j
j
)
ways to position the blocks among the remaining points.
Now, to get the total number of possibilities for this case, considering all possible
values for the number j of blocks and the number p of points included in these blocks,
we have
C(9) =
9∑
p=1
9∑
j=0
(
9− p+ j
j
)(
p− 1
j − 1
)
.
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This is the same as
C(9) = 1 +
9∑
p=1
9∑
j=1
(
9− p+ j
j
)(
p− 1
j − 1
)
.
This agrees with Equation 1.
Now, we will relate this to Pascal’s triangle. For a certain p, the second factor(
p−1
j−1
)
in the double sum from Equation 1 comes from the (p − 1)st row of Pascal’s
triangle. Now, the values of the first factor
(
n−p+j
j
)
come from the (n− p)th diagonal
of Pascal’s triangle. Therefore, Equation 1 can be seen as the dot products of vectors
from Pascal’s triangle. Figure 4.4 shows this for n = 4.
1 4 6 4 1
1 3 3 1
1 2 1
1 1
1
1 4 6 4 1
1 3 3 1
1 2 1
1 1
1
1 4 6 4 1
1 3 3 1
1 2 1
1 1
1
1 4 6 4 1
1 3 3 1
1 2 1
1 1
1













  
  










 
    







  
  
    
  
Figure 4.4 - F2(4)+1 as derived from Pascal’s Triangle
Figure 4.4 gives us
(< 1, 1, 1, 1 > · < 1, 3, 3, 1 >) + (< 2, 3, 4 > · < 1, 2, 1 >) + (< 3, 6 > · < 1, 1 >)+
(< 4 > · < 1 >) = 8 + 12 + 9 + 4 = 33 = F2(4)+1 = F9
Corollary 4.2: Suppose T is the set of topologies τ on n such that the basis
{N(j) : j ∈ n} consists of a collection C of mutually disjoint convex subsets of n, or
such a collection C together with n. Then | T |= F2n+1 − 1.
This corollary is derived from the almost one-to-one correspondence between the
topologies of T and the collections C counted by C(n), where for j ∈ n \ ⋃ C, we
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take N(j) = n. However, the collection having no blocks generates the same topolgy,
namely the indiscrete topolgy, as the colleciton having a single block containing all
the points. That is, Equation 1 counts the empty set ∅ whereas | T | does not.
Thus, the number of mutually disjoint locally convex topologies on a set of n
points is F2n+1 − 1.
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CHAPTER 5
COUNTING THE NUMBER OF NESTED LOCALLY CONVEX
TOPOLOGIES ON A TOTALLY ORDERED SET
Let NT (n, k) be the number of locally convex topologies on a totally ordered n-
point set X consisting of k nested non-empty open sets U1, U2, ..., Uk where X = U1 ⊃
U2 ⊃ ... ⊃ Uk 6= ∅.
Since the indiscrete topology is the only nested topology with one open set,
NT (n, 1) = 1.
To find NT (n, 2), we see that the larger of the two open sets, U1, must be X. This
makes it necessary for us to count only the possibilities for U2, the smaller nested open
set. The right endpoint of U2 could be 1, 2, ..., n. If the right endpoint is j < n, then
the left endpoint of U2 could be 1, 2, ..., j. However, if the right endpoint is n, then
the left endpoint could be 2, 3, ..., n. It cannot, however, be 1 since we have that
U2 6= U1 = X. Summing over all the possibilites for the right endpoint of U2 gives
(
n−1∑
j=1
j
)
+ n− 1 =
(
n∑
j=1
j
)
− 1 = Trin − 1 (1)
possibilites for U2 and thus for {U1, U2}. Therefore, NT (n, 2) = Trin− 1. Here, Trin
denotes the nth triangular number. Some values of NT (n, 2) are shown in Figure 5.1.
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n NT (n, 2)
2 2
3 5
4 9
5 14
Figure 5.1 - Number of Locally Convex Topologies Consisting of Two
Nested Open Sets
To find NT (n, 3), suppose τ = {U1, U2, U3} is a nested locally convex topology on
n ≥ 3 points. We know that U1 = X and U3 contains at least one element and U2
contains at least one element not in U3; therefore, U2 must have at least two elements.
We know that U1 6= U2 so U2 has at most n−1 elements. If | U2 |= j ∈ {2, 3, ..., n−1}
then we can calculate NT (n, 3) by considering the number of ways to pick the j
consecutive elements of U2 and the number NT (j, 2) of ways to get a nested locally
convex topology {U2, U1} on the j elements of U2.
For j = 2, the two element convex subsets of 1, ..., n are {1, 2}, {2, 3}, ..., {n−1, n}.
There are n − 1 of these. There are n − 2 three element convex subsets of 1, ..., n,
namely {1, 2, 3}, {2, 3, 4}, ..., {n− 2, n− 1, n}. In general, there are n− j + 1 convex
j-element subsets of 1, ..., n.
Summing over the possible values j of |U2| gives us
NT (n, 3) =
n−1∑
j=2
(n− j + 1)NT (j, 2) =
n−1∑
j=2
(n− j + 1)(Trij − 1). (2)
Now substituting k = n− j + 1, we get
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NT (n, 3) =
n−1∑
k=2
(k)NT (n− k + 1, 2) =
n−1∑
k=2
k(Trin−k+1 − 1). (3)
Finding NT (3, 3) gives us
2∑
k=2
(k)NT (4− k, 2) = (2)NT (2, 2) = 2(2) = 4. (4)
The four topologies counted by NT (3, 3) are shown in Figures 5.2 - 5.5. We see
there are two ways to pick U2, namely {1, 2} and {2, 3}. Then, there are two ways to
position U3 in U2. In Figure 5.2, U3 = {1}, in Figures 5.3 and 5.4, U3 = {2}, and in
Figure 5.5, U3 = {3}. So, we have that
NT (3, 3)=(number of ways to pick U2) · (number of ways to pick U2, U1 on 2 elements).
Figure 5.2 - U2 = {1, 2} and U3 = {1}
Figure 5.3 - U2 = {1, 2} and U3 = {2}
Figure 5.4 - U2 = {2, 3} and U3 = {2}
Figure 5.5 - U2 = {2, 3} and U3 = {3}
Here, it is important to note that we are not counting equivalence classes of
topologies under the equivalence relation “is homeomorphic to,” so, for example, the
four homeomorphic topologies shown in Figures 5.2 - 5.5 count as different topologies.
This is the usual protocol for counting topologies, and is even more meaningful when
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our points are ordered 1 < 2 < 3.
Example 5.1: NT (4, 3)
From Equation 3 we get
3∑
k=2
(k)NT (5− k, 2) = (2)NT (3, 2) + (3)NT (2, 2) = (2)5 + (3)2 = 16. (5)
We see that Figures 5.6 - 5.15 give us the ways to put U2, U1 on 3 elements.
Furthermore, we see that Figures 5.16 - 5.21 give us the ways to put U2, U1 on 2
elements. From Equation 5, we see that there are 2 ways to pick U2 and NT (3, 2) = 5
ways to pick U2, U1 on 3 elements. This gives us 10 ways to position U2, U1 on 3
elements, which is precisely what the figures illustrate. Also, from Equation 5, we
see that there are 3 ways to pick U2 and NT (2, 2) ways to pick U2, U1 on 2 elements.
This gives us 6 ways to positions U2, U1 on 2 elements, which is precisely what the
figures illustrate. Thus, we have 10 + 6 = 16 locally convex topologies on a totally
ordered set of 4 points.
Figure 5.6 - U2 = {1, 2, 3} and U3 = {1}
Figure 5.7 - U2 = {1, 2, 3} and U3 = {2}
Figure 5.8 - U2 = {1, 2, 3} and U3 = {3}
Figure 5.9 - U2 = {1, 2, 3} and
U3 = {1, 2}
25
Figure 5.10 - U2 = {1, 2, 3} and
U3 = {2, 3}
Figure 5.11 - U2 = {2, 3, 4} and U3 = {2}
Figure 5.12 - U2 = {2, 3, 4} and U3 = {3}
Figure 5.13 - U2 = {2, 3, 4} and U3 = {4}
Figure 5.14 - U2 = {2, 3, 4} and
U3 = {2, 3}
Figure 5.15 - U2 = {2, 3, 4} and
U3 = {3, 4}
Figure 5.16 - U2 = {1, 2} and U3 = {1}
Figure 5.17 - U2 = {1, 2} and U3 = {2}
Figure 5.18 - U2 = {2, 3} and U3 = {2}
Figure 5.19 - U2 = {2, 3} and U3 = {3}
Figure 5.20 - U2 = {3, 4} and U3 = {3}
Figure 5.21 - U2 = {3, 4} and U3 = {4}
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Example 5.1 shows that NT (4, 3)
is 16. We give some of the values of
NT (n, 3) in Figure 5.22.
n NT (n, 3)
3 4
4 16
5 41
6 85
Figure 5.22 - Number of Locally Convex Topologies Consisting of Three
Nested Open Sets
The technique, used to find NT (n, 3), can be used to calculate NT (n, k + 1)
recursively from the values of NT (j, k) for j from k to n − 1. Recall that U1 = X.
Also, since U2 ⊃ U3 ⊃ ... ⊃ Uk+1 6= ∅, we know that U2 must contain at least
k elements. Also, since U2 ⊂ X, U2 cannot contain more than n − 1 elements.
Supposing | U2 |= j, then there are n− j + 1 ways to choose U2 as a convex set from
X. Having chosen the elements for U2, we now have NT (j, k) ways to complete the
nested topology {U2, U3, ..., Uk+1} on the j-point totally ordered set U2.
Thus, we have that,
NT (n, k + 1) =
n−1∑
j=k
(n− j + 1)NT (j, k). (6)
Using the substition of m = n− j + 1, we have,
NT (n, k + 1) =
n−k+1∑
m=2
(m)NT (n−m+ 1, k). (7)
27
Some values of NT (n, k) are shown in Figure 5.23.
n k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
1 1
2 1 2
3 1 5 4
4 1 9 16 8
5 1 14 41 44 16
6 1 20 85 146 112 32
7 1 27 155 377 456 272 64
8 1 35 259 833 1, 408 1, 312 640 128
9 1 44 406 1, 652 3, 649 4, 712 3, 568 1, 472 256
10 1 54 606 3, 024 8, 361 14, 002 14, 608 9, 312 3, 321 512
Figure 5.23 - Number of Locally Convex Topologies Consisting of k
Nested Open Sets
This table is also used in a work by Hwang and Mallows [4].
The last values in each row of the table illustrated in Figure 5.23 appear to be
powers of 2. The proposition below confirms that this pattern continues.
Proposition 5.1: NT (n, n) = 2n−1 for any n ∈ N
Proof:
We have that NT (1, 1) = 1. Suppose that NT (k, k) = 2k−1. We need to show that
NT (k + 1, k + 1) = 2k+1−1 = 2k. From Equation 7,
NT (k + 1, k + 1) = 2NT (k, k)
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= 2(2k−1)
= 21+(k−1)
= 2k.
Therefore, we have that NT (n, n) = 2n−1 for every natural number n.
QED
We can now use NT (n, k) to calculate the number Tnt(n) of nested locally convex
topologies on a totally ordered n-element set X.
We have that
Tnt(n) = NT (n, 1) +NT (n, 2) + ...+NT (n, n) =
n∑
j=1
NT (n, j). (8)
These values for n = 1 to 10 are shown below in Figure 5.24.
n Tnt(n)
1 1
2 3
3 10
4 34
5 116
6 396
7 1, 352
8 4, 616
9 15, 760
10 53, 808
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Figure 5.24 - Number of Nested Locally Convex Topologies on a Totally
Ordered Set of n Points
These numbers are sequence A007052 in the On-line Integer Encyclopedia of In-
teger Sequences [7]. These values are simply the sum of the rows of Figure 5.23. The
paper by Hwang and Mallows [3] does not seem to sum the rows in the figure though.
However, the paper discusses the number of order consecutive partitions, which they
defined as follows: suppose we have an ordered list of subsets S1, S2, ..., Sm of an
n-point set X. If {S1, S2, ..., Sm} is a partition of X and if each of the sets:
S1
S1
⋃
S2
S1
⋃
...
⋃
Sk
...
S1
⋃
...
⋃
Sm
is a consecutive set of intergers (i.e. is convex), then S1, S2, ..., Sm is an order
consecutive partion of X. Now it is easy to see that {S1, S1 ∪ S2, S1 ∪ ...∪ Sk, ..., S1 ∪
... ∪ Sm} is a nested convex topology on X.
Likewise, we have that a nested convex topology τ = {U1, U2, ..., Uk} on an n-point
set X gives an order consecutive partition of X. Assume that U1 ⊂ U2 ⊂ ... ⊂ Uk = X.
Now, the order consectuive partition will be defined as
S1 = U1
S2 = U2 \ U1
S3 = U3 \ (U1
⋃
U2) = U3 \ U2 since U1 is nested in U2
...
Sk = Uk \ Uk−1.
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To summarize, we have the following results for NT (n, k), the number of locally
convex topology on a totally ordered n-point set consisting of k nested nonempty
open sets:
NT (n, 1) = 1
NT (n, 2) = Trin − 1
NT (n, 3) =
n−1∑
k=2
(k)(Trin−k+1 − 1)
...
NT (n, k + 1) =
n−k+1∑
m=2
(m)NT (n−m+ 1, k)
...
NT (n, n) = 2n−1
and the number Tnt(n) of nested locally convex topologies on a totally ordered n-point
set is
Tnt(n) =
n∑
j=1
NT (n, j).
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